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An identity for the odd double factorial✩
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Road, Taipei 10617, Taiwan
Abstract
The ordinary factorial may be written in terms of the Stirling numbers of the second kind
as shown by Quaintance and Gould and the odd double factorial in terms of the Stirling
numbers of the first kind as shown by Callan. During the preparation of an expository paper
on Wolstenholme’s Theorem, we discovered an expression for the odd double factorial using
the Stirling numbers of the second kind. This appears to be the first such identity involving
both positive and negative integers and the result is outlined here.
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1. Odd double factorial
The Stirling numbers of the first kind and second kind, denoted s(n, k) and S(n, k)
respectively, are characterized by
n∑
k=0
s(n, k)xk = n!
(
x
n
)
, x ∈ R, (1)
n∑
k=0
k!
(
x
k
)
S(n, k) = xn, x ∈ R, (2)
and we have an explicit formula [3, equation 13.32] relating the two sets of numbers,
s(n, n− k) =
k∑
j=0
(−1)j
(
n+ j − 1
k + j
)(
n + k
k − j
)
S(j + k, j).
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Also,
(−1)ks(n, n− k) =
k∑
j=0
(−1)j+k
(
n+ j − 1
k + j
)(
n + k
k − j
)
S(j + k, j) (3)
=
(n + k)!
(2k)!(n− k − 1)!
k∑
j=0
(−1)j+k
(
2k
k − j
)
S(j + k, j)
n + j
=
1
(2k)!
k∑
j=0
(−1)j+k
(
2k
k − j
)
C(n, k)
n + j
S(j + k, j)
with C(n, k) = (n− k)(n− k+1) · · · (n+ k). For fixed integer k ≥ 0, since (−1)ks(n, n− k)
is a polynomial in n over the rationals with leading coefficient (2k−1)!!
(2k)!
by [2, proposition 1.1]
and C(n, k) is a monic polynomial in n, then
(2k − 1)!! =
k∑
j=0
(−1)j+k
(
2k
k − j
)
S(j + k, j). (4)
Compare this result with
k! =
k∑
j=0
(−1)j+k
(
2k + 1
k − j
)
S(j + k, j),
found by setting n = k + 1 in (3). See [3, equation 14.34]. From a survey of identities for
the double factorial, we also have
(2k − 1)!! =
k∑
j=0
(−2)k−js(k, j).
See [1, identity 5.3]. This easily follows by plugging x = −1
2
in (1). Notice the summation is
over non-negative integers whereas identity (4) involves both negative and positive integers.
Setting x = −1
2
in (2) gives us
1 =
n∑
k=0
(−2)n−kS(n, k)(2k − 1)!!,
an interesting expression but not one that allows us to solve for the odd double factorial like
we have in (4). Identity (4) was initially discovered during the preparation of an expository
paper [4] on Wolstenholme’s Theorem.
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